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(OCHOBHDIC [TOHSITUSI

Mgl paboTaem nas nosem C. Jlerainu KonerpyKiuii MoskHO Haiitn B [1, 2 3]

Ompejiesierne. Asirebpa Bupacopo Vir — anrebpa Jlu, amneitno nopoxiéanast obpasy-
HOIUMN Ln, n e Z‘ U HEHTPa/IbHBIM 3JIEMEHTOM C, Y/IOBJIETBOPAIOIIMMU CJIE/1YIOIINM
KOMMYTal[HIOHHBIM COOTHOIICHUSAM:

3

C
Loy Lol = (M —n)Lipsn + ﬁ(m - m)5m+n,0» [C) L. =0.
0.

Anrebpa JIu Viry — noganrebpa B Vir ¢ Gasucon us siaementos Ly, >

Ipynna Aut@ — rpynna HenpepbiBHBIX aBTOMOP(DOU3NOB HOJIHOI TONONOIMYeCKOil ajl-
re6per @ = Cl[z]], Gasy okpecrrocreit nyst koTopoil o6pasyior npocrpancrsa 2N C[[z]],
N € Z. Kaxplit Taxoii aBroMopdusm 04HO3HATHO 3a1a8Tes JAefiCTBUCM Ha Z I HMeeT
B z — f(z), e f(z) = aiz + a2 + azz® + ..., a1 #0.

Aurebpoit JTu rpynmnnt AutQ asisercs zC[z]d,, usomopduas Viry; usomopdusm ocy-
LCCTBIIACTCH TOCPCICTBOM oTobpazkenus Ly — —2*19,.

Ecin V' — Takoe konednomeproe npegcrasienne Viry, uro gefiersue Lo na V' anaro-
HAJII3YCMO C HEJIOMHCICHHBIMI COOCTBEHHBIMU 3HAUCHUSAMIL, TO, KaK MOKHO [POBEPUTE,
seficreue Virg Ha V' MozkeT ObITh 9KCHOHEHINPOBAHO 10 Jjeiictsust rpyibsl Aut@ na V,
uro npespaiiaer V' B Jesbiit AutO-moyib.

B pabore |1, [asa 6] noxasano, Kak 10 KOHCUHOMEPHOMY HpeicTapieHuio V aured-
pol Viry KaHOHHUCCKH HOCTPOHTH BEKTOPHOE PACCIOCHHC Ha MIAJKOH ajrebpaniccKoil
kpusoit X. O6osnadnm Autx MHOzKecTBO 1ap (X, ty), tae X € X, ty — dopyanbHbrii
JIoKasbHbIE napaverp B X. Econ Lo feficrByer Ha V' jiaroHaimsyemo ¢ 1esibiMi coo-

CTBCHHBIMM 3HaA4YCHUAMU, TO (f()()TBOTCTBy}()LL[C(‘ I)a(l(ﬁ.‘[()CHMO VX ()ll})C,U,(l/l}[("l‘(l}[ KakK
Vx = it ¢ V= Ao VAL F()),v) = (06 ), £ V)
u

e f=1(z) = a1z 4+ wz? + a3z + ... € AutO.
Ecsin sadukenposars Jokaibhblil mapamerp ty € Oy, To cioit Vx Hajl TOUKOI X 0TOK-
JeCcTBJIdercsd ¢ V
[lyers Ly — pemérka kopreit aareopst Jn sl(n, C), L, — peméTka secos. Onpesennn
hn = Ly ®7z C. Anre6pa Teiisentepra /6“‘ HnocTpoeHHas 1o by — nenTpaanioe paciii-
pere b ((t)),

0= ClL = b = ba((1) = 0,

¢ coorromenusivn (hy =h & th)
[, gml =7(h, 9)8n, .

Omnpesemnnn npegcrasienne Poka 7ty anrebpol hn, A € hy. OHo H0pOZKACHO BAKYYMHBIM

HO hbopMyTaMi

RalA) = 0,1 > 0;holA) = (A, RJIA).

BekTOpoM |A) 11 onpe;y

Jast kazkjioro y € L /Ly onpejesm
VE/“ = & m.
Aey+L,
Ha nammowm mpocrpancTse MOKHO BBECTH ecTCCTBEHHOC Jelicrsue anredpst Vir (e [1,
Chapter 5]).
st moGoro A € Ly, onpegesén 6030HHbL BePTEKCHDLE onepaTop

A A
Vi(z) = Sazlexp [Z ﬁz’“) exp (Z ﬁz’“) = Z Vialmjz ™ (W2

n<0 n>0 mez

3ech VAlm] — snneiitbie oneparops, Jieiicrsyonue Ha Vﬂn

Onpegiestenie. Tyers A € L. Moy [lemasiopa W yposisi T— nogipocipanciso & Vf‘“A TOJTy CHIO0e
3 BekTopa [A) npuvenennenm seeBosMozkubx oneparopos Vi [m], € L, m > 0.
Ussectiio, aro W KoneunoMepto it HHBAPUAHTHO OTHOCHTENBHO eCTeCTBeHIoro jeticreus Vir,.

OCHOBHBIE PE3YJIBTATHI

P‘:I(f('l\l()’l‘])ﬂl\l (’.?ly‘{élﬁ. Korjia X = CIP)] I’lIiBC(ITll(). qTo .?l]()()()(l BEKTOPHOE paccjloenne Ha/g CP] packKia-
ABIBAETCA B IPAMYIO CYMMY OJITHOMEPHDBIX. B()llllliKil(?T BOIIPOC: B CYMMY KakKHX OJITHOMEPHBIX ])il(i(l!l()()lllii‘i
PacK/IaJpBacTCst Vp1 JUis KOHKPETHBIX V7

OJHIM U3 Pe3yIbTaTOB PaGOTEI SIBIIACTCS BBIMICICHIC CKICHBAIOIIET0 KOIIK/IA Qo1 (KOTOPBIT 01H03HAT-
10 38[a6T BEKTOPHOE PACC/IOCHIe Ha IPOCKTHBHOf 1psaMoii). OKasbIBaCTCs, UTO OI MOJIHOCTBIO OHPEie-
qstercst ieficrsien oneparopos Lo 1 Ly.

pesiokene. Ckiensaionuii KOUUKI Qo1 B Touke (Zo : 21) pasen (:Xp("?‘)(—l%]"'o‘ e z = z1/zp.

Bousee TOro, MoJay4eH fTJI(‘jl}'IOIILHﬁ pesyJsbrar, )'Ka}bllialolllllﬁ. KaK MOZKHO BBIMHC/IUTE paccjoeHne Ha ]Pﬂ N

3Hasl pasjlozKeHune V na ZKOP/IaHOBBI NO/IIPOCTPAHCTBA OTHOCUTEJIBHO ollepaTopa L]4

Ipemtozxenue. [yers V — Ly-rpagynposannoe upocrpancrso (dim V = s), cuabzéunoe aeficrsuenm Ly,
KOTOPOE HPeJICTaBIsAeT coboil O/ JKOPJAHOB 610K, 1 V1, Va, .. ., Vs — zKopaanos 6asuc, Ly (vi1) = vi.
Ecat Lo(vi) = liaxV1, Lo(Vs) = luinVs = (Linax—$-+1) Vs, T0 coorBeTcTBYI011ICE BEKTOPHOE PACCIOCHIE

u30MophHO

O (Lo + Lnin) ** = O (2o — s +1)°

ClIeLyI0lIM PE3yJIBLTATOM PAbOThI SIBISIETCs BBIUICICHHE sIBHOTO PAsIOZKeHHs pacc/1oennst Vpi B Ipsi-
MYIO CyMMYy OJHOMEPHBIX Jutst Mojyiieil Jlemasiopa yposus 1, coorsercrsyiomux adduunoii anrebpe
Kaua-Myun sl(n, C), nopoagnibix BakyyMibis sexropon [Kwi), e Wi — uepsblii dyjianenTaib-
it Bec. Kak yjauioch BHIMUCIUTH aBTOPY, cooTBETCTBYIONee paccioenie ta P! wsomopduo mpsmoit
cymme (npeanonaras dn =0, 19 = K)
®  ORN—kd)®IE O ) N ez
d1z..2dn120

120>t 120

Orenbio orverun cirydaii 1= 2, korja j11060it Bec kparen dymjaventaibiomy. B stom ciyuae sek-

TOPHOE paceioelne oTBedaloniee Becy Ky, H30MopdhHo mpamMoii

&N k),
=0

Jasbneiinme HalpaBieHns HCCIe10BaH N

Bozvioxroe TPOJOJIZKCHIC pﬂGOTbl — BBI'IMCJICHIC $IBHOTO BIIA OMHCAHHOTO BBIIC PACCTIOCHTIST 1T MOLY-
sieft Memasiopa yposis 1 ¢ BecaMil, OTJIMMHBIMU OT KPATHBIX HepBoMy dyiaventaabiomy. Kpome toro,
nomumo pemérkn Ly xopueit are6pot JIn s[(nC), Moo paceMaTpuBaTh aHATOTHYHYIO KOHCTPYKIIHIO
JUIst JIPYTUX 9ETHBIX PeiéTok. Hakomenr, nirepecno usydenne ommcaHioro BbIlle PACCIOEHHs He TOJIbKO
B CJIyae NPOCKTIBHOM IPSAMOIL, 10 I 151 APYTHX [VIAIKIX anreOpantiecKux (Hanpumep, 3/ IHITHICCKIX)

KPUBBIX.

CHICOK JinTepaTyphbl
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[2] V. Kac and A.K. Raina, Bombay lectures on highest weight representations of infinite dimensional
Lie algebras. Advanced Series in Mathematical Physics 2, World Scientific, 1987
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HenpusoauMble xapakTepbl MakcUMabHbIX YHUNOTEHTHBIX NoArpynn 8 rpynnax Tuna A, u C,

Benyakos Muxaunn

HWY BLL3

Hocarens cyperynapHoro xapairepa

G — KkoHeuHas rpynna,

¢: G — GL(V) — eé npeacraenenne,

1: G — C — xapakTep npeacTaBneHns ¢.
¥(g) =trp(9). g € G,

supp(1) = {g € G | 1(g) # 0} — ero Hocutens.

G =SLp(Fy), a N =UTL(nFy), n=~Lic N, N~n, N~n*

Ot ={(i,j) | 1 i< j < n}— MHOKECTBO NONOKMTENEHBIX KOPHEH.
B cnyuae, korga G = SLy,(IF;), n* MoXHO oTOXAECTBATH C
HUXHETPEYro/bHBIMU MAaTPULIAMK C MOMOLLBIO hOpMbI Cliea.

1o+ ... %
01 ... %
N = ... . |.xel,
00 1
0 * 00 0
00 * 0 0
n= . Snt =
00 ...0 * ok 0

Metog opbut

Ipynna N peiicteyer Ha n* no npasuny g.A = (A9 1)iow-

1962 r., AA. Kupunnos: Irr N <+ n* /N.

B a7oM ciydae, 3HaueHue xapakTepa, COOTBETCTBYIOWEro opbuTe
copmbl (2, Ha anemenTe g rpynnbl N paBHO

Yalg) = 7‘@ 2uea 0(p(n(g))), 0: Fy — C,

n
(9= B)"
In(g) = > (~1) —
1
Ons n < 7: A.H. Manoe, M.B. Virnatbes 8 2007 knaccudpmumposanu
OpbUThI KONPUCOEANHEHHOTO ECTBMS.

PerynsipHble xapakTepbi

PerynsipHble xapakTepbl — XapaKTepbl MAaKCUMANbHOVW Pa3MepHOCTH
(cooTBecTBytowwme opbuTtam pasmeproctn N ).

1 2 3 45 6 7 8 9

© ©® N 3 o A W N

R

A.A. Kupunnos, 1962: knaccudbukaumsi perynsipHbix opouT.
C.A.M. Andre, 2001: dopmyna A5t perynsipHbIx XapakTepos.

CybperynsipHble xapakTepsl

CybperynsipHble opbUTbI COOTBETCTBYIOT XapakTepam
npeAMaKkcUManbHoll pasmepHocTh (cooTeecTeytowme opbutam
pasmeprocTu M — 2).

Knaccudpmkauus : AH. Maxos, M.B. Wrnatbes, 2007. Mpumepbi:

1 2 34567 89 1 234567 89
1 1

2(® 2

3 3

4 4

5 5

6 ® 6 5y

7 ® 7 ®

8(® 8|®

9 |® ® 9| [®

DNEMEHTbI HOCUTENS UMEIOT BUA:

1 2 3 45 6 7 8 9

1 2 3 45 67 89
® ® 3

3

© @ N o o AW N =

© ® N o o s w N =

M.B. WUrnatees, 2007: dopmyna ansi cybperynsipHoro xapakrepa.

XapakTepb! rybuHbl 2

XapakTepel rnybuHbl 2 — xapakTepel, COOTBETCTBYIOWME Opbutam
pasmeproct M — 4.

1 2 3 45 6 7 8 9

© ® N o o AW N e

Teopema (M.B., 2022)
a) Haiigen ocutens supp(y) = |J Kp o
D

I
6) Biumcneno sHaderve Y)(Kp ) = ¢"P H(w)eD K& .9)
8) Monyuenb! ypasHenus, onucsiatouwme Kp .

3pecs ¢ : D — FX, a Kp, — knacc conpa»éHHOCTU 31emeHTa

e = (o) =14 Y Gz
(i,5)eD

D € & — HekoTOpOe NOAMHOMKECTEO NMONOKUTENbHBIX KOPHETA.

Mpumep
12 3 45 6 7 8 910
1 &
2 ®
3
4 ®
5 ®
6
7
8
9 X
10 []

[Ons Genbix knetok A j(g)  Aij(epy)-
5 10

Bk = 919ik =0, a5 = Y gsigino =0, s =4,5,k=6,7.
=3 J=T7

G=AxB, A<QG ANB={c} G=AB
A — abeneea, g = gagp, A, T3: G — A, B
kel A ¢ € e BF

ko =koma, tho=1pomp

Teopema. {Wyy = Ind$ pckotio} = Irr G

A={geN|gi;=0pnaseex2<j<i<n}
B={g€N|gi1=0npn2<i<n}
k(g) = 0(&n-1,191,0-1), &n—1,1 # 0.

1 2 3 45 6 7 8 9

G={geSLn.F,) |gtlg= T},
0 I

1= ¢)

N=GnUT(n,F,).

Anrebpa 1 COCTOUT U3 CTPOro BEpXHETPeyroabHbIX (n*,

COOTBETCTBEHHO, 3 CTPOFO HUKHETPEYrONbHbIX) MaTpUL, &,

YAOBNETBOPAIOLLMX YCNOBMIO

2t + Jr = 0.

PerynsipHeie opbutsl

OpbuThbl MaKCUManbHOM Pa3sMEPHOCTI UMEIOT BUA:

1 2 3 4 5 -5 -4-3-2-1

1| ®

[1prmepbl 21eMEHTOB 13 HOCUTENS

DNEMEHTbI HOCUTENS UMEIOT BUA:

1 2 3 45 5 -4-3-2-1 1 2 3 45 5 -4-3-2-1
1 ®1 ®
2 2 ®

3 & 3

4 ® 4 ®

5 5 =

5 5

-4 -4

-3 -3

-2 -2

1 -1

CxeMa oKa3aTenbCTBa

B aanHom cnyyae, k(g) = 0(&n191.0), Ena # 0.

1 2 3 4 5 -5

4 -3 2 -1




@ Bur=H.Ho,

= B
D:B=B

¥f,g £ B: Difg] = Diflg + g,

beB wic MUM

q < Ker Dy {0]

e IrcBigE IPcEM Dr=ghiflg0
Kar D = K[f, g

fgc
O=5,,

Tr=
HeTT

® b
& Sy =
L Sy

kP[]

Ker By, = KM, hl

F=uz

T, Dagt = 30— G-

PRI 1

D*b} =

m

Dir}= g

w=xF[x, u} +yu", F¢ K

[G[xul

5

GO, u] + = + st

By

o= 5

wais |
i
o=

{ ]

o

 Fw 0 ¢ K

T

K

i
R o

B

P = ofz]r+ bix,y

D = =3, + 23,
o

I [ ¢]
H= B/gB . T:= [Nmadgh)

B 3
W K"

h= g "dir]

Adr)

=, g=1x, P|
wrt =

ul=1, dlylir]

Wy T= ..l'l_.:.l'-'l. Hy= —y, Hy=x, Hp=F;

T=xl+

=z

K, P
T




OFpaHI/IUIeHI/Ie Ha PpaHT'M B ITOJIHBIX MCKJIIOYUTEJ/IbHBIX Ha60an

Poman Enncees

BadukcupyeMm ajredpantdeckn 3aMKHYTOe ToJie K XapakKTepucTuku HoJib. [lycrs T - jinHeiinas TpuaHry-
JINPOBaHHAas KaTeropusi HaJI 1mojeM K.

Omnpenenenune. Ynopadowennviti Habop NOAHBIT MPUaH2YAuposartsir nodkamezoputt Ay, As, ..., Ay C T
HA3DIBAEMCA NOAYOPMO2OHANLHOLMU PASAOAHCEHUEM, €CAYU BDINONHEHDL CACIYIOULUE 0BG YCAOBUA:

1. das mobwx undercos 1 < i < j <t u mobwx obsexmos A; € A;, A; € A; umeem Homy (A;, A;) = 0;

2. MUHUMANOHAA NOAHAA MPUGHLYAUPOSAHHAA nodkamezopus 6 T, codeporcawsas ece nodkamezopuu A;,
coenadaem c T .

HOHyOpTOFOHaﬂbHOG pa3JiozKeHnue ¢ KOMIIOHEeHTaMK1 Az 6yﬂeM 0003HAYATH
T: <A1a~’42>' H aAt>

Hac 6y;1yT nHTEepecoBaTh 110/yOpTOroHaIbHble paziokenns DP(X), orpaHnueHHOl IPOU3BO/HOI KaTero-
pUM KOT€PEHTHBIX IIy9YKOB Ha aJiredpandeckoM MHOroobpasun X .

Omupenenenne. [loanan mpuaneysuposannan nodkamezopus A naszvieaemes donycmumoti, ecau GyHrkmop
saoocenua i 2 A — T umeem ae6uiil u npasuill CONPAACEHHDLE.

JlommycTumble TIOJIKATErOPUH TO3BOJISIIOT CTPOUTH IIPUMEPBI TIOJTyOPTOTOHAJIBHBIX Pa3J/IoyKeHunil. A NMeHHO,
ectu A C T - fomycTuMasi, UMEIOTCsI TI0JyOPTOTOHAJIBHBIE PA3JIOZKEHU ST

T=(A5 A u T=(A*A4),
rje IoJAKaTeropmuun

LA ={T €T | Hom(T, A[s]) = 0 npu Bcex A € A, s € Z},
At ={T € T | Hom(A[s],T) = 0 upu Bcex A € A, s € Z}

Ha3bIBaIOTCA JIEBBIM M IIPpaBbIM OPTOI'OHaJIOM K ./4. COOTBETCTBECHHO. ,D;OHYCTI/IMI:)IG IIoJKaTeropumn Jierko
CTPOUTDH C IIOMOIIBIO NCKJ/IIOYUTE/IbHBIX Ha60pOB.

OHpeﬂeJIeHI/Ie. Obsexm E € T HA3vLEAEMCA UCKANOUYUMENOHDIM, ECAU

k, t=0

Hom(E, Et]) = 0, 40

Hanpumep, KorepenTHblil y4oK JF Ha ajredpandecKoM MHOrOOOpa3uu SBJIAETCA UCKIIOYUTEILHBIM, €CIIHI
Hom(F,F) =k u Ext'(F,F) = 0 upu Bcex i > 0. [To nckmountesnomy o6bekty £ € T MOKHO HOCTPOUTH
MUHUMAJIBHYO TTOJHYIO TPUAHTYIMPOBaHHYO mojikaTeroputo (E) C T, ero comepzxkaryto. OkasbBaeTcsi, 9T0
(FE) sKBUBaJleHTHA TIPOU3BOJIHON KaTeropun KOHeYHOMEPHBIX BeKTOpHBIX npoctpancts DP(k) u spiserca
nonyctumoit B 7. JlaHHas KOHCTPYKIIAS UMEET CJieytomiee 0000IIeH e.



Ounpenenenne. [locaedosamenvrocmo Ey, Es, ... Ey Uckaowumesvhvi 006eKmos Ha3u6aemecs UCKA0WU-
meavroim Habopom, ecau npu ecex 1 < i < j <t u ecex s € Z ewnoaneno Hom (E;, E;[s]) = 0. Hexaowu-
meavhulli Habop nazwvieaemes noanvim, ecau T = (Ey, FEy, ... Ey).

Besikast mosHast TpuaHryanpoBanHas nojrareropus (Fi, Fo, ..., E;) C T, NOpoXKIeHHAS UCKIIOIUTE b
HBIM HAOOPOM, TaKKe SIBJISIETCS JIOILYCTUMOIA.
Taxzke o603Haunm rpymiy 'porenauka K (7)) kareropuu T BMmecte ¢ buinneiinoit ¢hopmoii ("Ditaeposa dbop-

ma'") onpenenennas dpopmyaoit ([F|, [G]) := >".(—1)" dimy, Homy(F, G[i]). Ecin T = D’(coh(X)) mna ra-

def
koro mpoekTuBHOro Muorootpasusa X pasmeproctu d Torga K(X)pm = K (7 )pum KOHEUTHO-IIOPOXKIEHHAST

abenesa rpymna. Bosee Toro, neiicreue (—1)%s mna K(T) a caenosarensno Ha K (T )y yHUIOTEHTHO |1,
Jlemma 3.1].

Tosmblit uckmounTesnbHblit Habop (E;), B T oupenenser 6asuc (e;), 8 K(7T) marpuna I'pama KoToporo
M := (e;, €;),; BepXHeTpyero/bias MaTpula ¢ eJIMHUIAMU Ha IylasHOfl auaronaiu. lonarno, 4ro B sTOM
ciaydae Mbl umeeM, 910 K (T) = K(T )pum . HasoBem 6asuc (e;); 8 K(T) ¢ Takoit marpuueit I'pama nc-
kmounTesbabiM. B |1, TIpmvep 3.2], mokazano, uro ecam rk K = 3 Torja yHHUIIOTEHTHOCTH § BJIEYET, UTO
kodddurmenTsr Mmarpuilsl ['pama

b
M = c
1

o O =
O = Q

JIOJIZKHBI YJIOBJIETBOPATH ypaBHeHno Mapkosa
a?+ b+ —abc=0

MapKoBbIM TI0Ka3aHO, 2| 4T0 Bce pelenns JaHHOTO ypaBHEHHsI MOIYT OBbITh IIOJIyYeHbl HEKOTOPOI MmMpo-
e rypoit MyTaruu 13 Habopa (3,3, 3). DTa mporeypa COOTBETCTBYeT MyTAIlUAM HCKIIOIUTETHHOT0 HAabopa.
Takum obpasom nostyuaem K = K (P?). B ciayuae rk(K) = 4, MoxKHO 3anucaTh MaTpully I'paMa Kak:

oo o
oo~
o = o o
= QO O

B sToMm citydae YHUIIOTEHTHOCTD S BJI€YET CJIEJIyIONmue JUO(paHTOBbI yPABHEHUA:
acdf — abd — ace — bef —def +a* + 0>+ +d*>+ e+ f2 =0
af —be+cd=0

Crmcok aurepaTryphbl

[1] A. Bondal and A. Polishchuk, Homological properties of associative algebras: the method of helices,
Russian Acad. Sci. Izv. Math. 42 (1994), no. 2, 219-260.

[2] A. Markov, Sur les formes quadratiques binaires indéfinies, Math. Ann. 15 (1879), no. 3, 281-406.



LLIkona-koHdepeHuus «Anrebpbl Jlu, anrebpanyeckue rpynnsi v Teopus

NWHBAPWNAHTOB®

ViHBapnaHTbl HEBbIPOXAEHHbIX KBaApPaTUUYHbIX NMOBEPXHOCTE

Nnbst 3asonokuH, MI'Y nm. M.B. JlomoHocoBa
Asryct 2024

OcHoBHbIe MoHATUS

m Brosne HEBBIPOXAEHHASA MOAE/IbHAsA MOBEPXHOCTb
CR-una (n, k), k < n* (esbipoxzgennas Keagpuka) - 370
nosepxtocts 8 C"* 3agasaemas cregyrowmmu ypasrenuamn:

Imw, =z H'z,
zTH?z,

Im wy

Imwy = 2" H*z,

rge z € C" - exrop-cronbey, a HY, ..., HX - apmutoss matpuue
[10pAAKa N X N, KOTOpble KPOME TOro YAOBAETEOPSIOT YC/IOBUSIM
HesbipoxaenHocTy, a umenno: HY, ... HX - nuneiino Hesasucumb u
NmKerH™ = {0}. Habop spmuTossix ¢popm (HY, ..., H})T,
YAOB/IETBOPSIIOLLMIT YCIIOBUSIM HEBLIPOXAEHHOCTY, byAeM Ha3biBaTk
HEBbIPOXJEHHBIM.
m JInHeliHble HEBbIPOKAEHHbIE 3aMEHbI KOOPANHAT BUAA:

z— Cz, w— pw, C € GL(n,C), p € GL(k,R) e menstoT knacc
6Uro1I0MopghHO IKBUBANEHTHBIX KBAAPUK, HO MEHSIIOT BUA
ypaBHeHuii v Tem cambiM 3agaroT AEVICTBUE ov Ha MHOXeCTEe
HEBLIPOXEHHbIX HabopoB apmuToBbIx ¢hopm M. VimenHo, ecan
obosnauute G = GL(n,C) x GL(k,R), Toar: G X M — M no
Gopmyne:

a((C,p), (H,...,HT) = p"}(C H'C,...,C H*C)T,

3agaet npagoe gelictene Ha M.

3amevaHune

EcrecTsetHbiM 06pazom BO3HUKAET BOMPOC, OYEMY Mbl PACCMATPUBAEM
TOJILKO JINHENHbIE 3aMeHbl KOOPANHAT, a He ronomopereie? OTBeT Ha
3TOT BOMPOC 3aKNO4AETCS B TOM, YTO €C/U [aHbl JBE MOJE/NbHbIE
OBEPXHOCTY, MEXAY KOTOPbIMU CYLUECTBYET OUrOIOMOPHU3M, TO MEXAY
HUMY CYLUECTBYET 1 JINHENHBIN N30MOPMU3M yKa3aHHOTO BUAA.

3apgaua

Onucate npocTpaHcTBo opbuT Ans HeBbIpoXaeHHOI kBagpuku. Ckosbko
opbut? Kakne unsapuattei?

I3BecTHble pe3ynbTaThl

m [ns CR—tuna (n, 1), T.e. 04HOIi HEBbIPOKAEHHON 2pMUTOBON
¢hopmel IPOCTPaHCTBO OpoUT KoHeYHO. W13 NnHeriHoi anrebpsi
U3BECTHO, 4T0 Nt0basi HEBbIPOXAeHHAsH apmuTosa popma H
PUBOANTCS K BULY:

ZTHz = |22+ ...+ |zml? = |Zma > — - .. — |za|>. WnBapuarTom
sBnsercs yenoe qucao |n—2mj.

m [ns CR—tuna (n,2) 4ncio KAaccos sKBUBAaNEHTHOCTU MOXET
SABNSTLCS KOHEYHBIM UMM BECKOHEYHbIM B 3aBUCUMOCTY OT n. Tak,
ans n = 2,3 opbut koreqroe qncio (3 u 10 coorsercrsento). Ecan
e n = 4, To opbuT yxe beckoHedHo. VlHBapnaHTamu B nepsom
Cllyqae sBASETCS HEKN NCKPETHbIA HAbop BEUYNH, BO BTOPOM e
CIyyqae K HUM Hago JobasnTs ewje n — 3 UHBAPUAHTA, CBA3AHHBIX C
JBOIHBIM OTHOLIEHNEM HeTbipex Touek [1].

m Ecv paccMoTpeTh nojkaacc mogensHoix nosepxocreii CR—tuna
(3,3), obnagarowmx HenuHeliHbIMU aBTOMOPGU3MAMy, TO BCero
byaer 8 opbur [2].

=] cayHae TOHKU 06LLl,eI'O nono>xxeHuA

OkasbiBaetcs, Bcero 2 He AUCKPETHBIX, HE3ABUCUMbIX UHBAPUAHTA, OAUH
13 KOTOpLIX J-uHBapuaHT HekoTopoii Kybuku ¢ KoagduymneHTamu,
sasucawmmn ot scex Tpex matpuy (HY, H?, H3).

Npes pokazaTtenbcrsa

B Touke obuero nonowenns H = (H', H?, H®) ana tuna (3, 3)
[pocTpaHcTBo opbut byser 25-MepHo, a He AUCKPETHBIX UHBAPUAHTOB
byneT posHO 2. DTO MOXHO MONYYNTb, NPOAHANUINPOEAE 0BLLyIO
CTPYKTYpy aBTOMOpbu3MOE MogensHbix nosepxHocTeld. Oaun uHEapuanT
MOXHO MONYH4UTb U3 YPABHEHUS

XH(t, b, t3) = det(ttH' + H? + 3H3) =0, rge [t; & - 5] € CP2. A
VIMEHHO, HaJjo MPUBECTY 3Ty KyBUKY K HOpManbHOM chopme
Beviepuwpacca: tity = 48] — gatit? — gt5 u paccmoTpers J = ﬁ,
KoTopbIii 1 byneT uHBapuaHToM. HecnoxHas nposepka o

Xa((C.p),H)(t) = ‘ det C‘QX((pil)Tt)v
[10Ka3bIBAET, 4TO KPUBAA KOPPEKTHO OMNPELENIEHA. BTOPO% NHBapUaHT
MOXHO oMy 4uTs u3 obuyero meroga [3]. B atoii pabote HaiigeHs! sce
Of[HOPOAHbLIE OTOCUTEJIbHBIE MOJINHOMUAJIbHEIE NHBaPUAHTbI. Kak
[10Ka3blBAKOT KOMIbOTEPHbLIE BbIHNCTIEHUA, HEHYJIEBLIMU MTOJIMHOMaMn
ABJIAIOTCA Chegytoune.

Ps = £'(3,6,(1,4))e’(3,6, id)ek(3, 6, (2, 5)) Hy, ... HE.,
Py =¢'(3,9,(2,5,8))¢”(3,9, id)ex(3,9, (3,6,9)) H, ... HE,

5/(,7, un, J) — glo(0)lo(n) glo(n+1)-lo(on)  glo(un—n+1)---lo(un)

b sgn(iy - -« s )y €cn (it .. ., in) € Sp,

0, nHaqe

gt

VI3 HUX MOXHO COCTaBUTE paunoHanbHbii usapuant: | = P2/P3. Bonee
TOro, BHE HEKOTOPOro COBCTBEHHOrO arebpandeckoro MHOXECTBa, STOT
MHBaPUAHT OKa3bIBAETCS (PYHKLNOHANLHO HESABUCUMBIM C BBEEHHBIM
Bbilie J-uHBaApUAHTOM.

MNMpumeHeHune

ObpasytoLyne Noas paunoHaibHbIX UHBAPUAHTOB JeNCTBUS (v I03BOJISIOT
OMUCkIBAaTL POCTPAHCTBO MOAY/IEN MOJENbHbBIX MOBEPXHOCTEN
MHoroobpasuii 3agaHHoro Tuna. A npocTpaHcTBO Mogynel, B CBOKO
oyepesp, nossonsetr crponts CR-xapakTepucTudeckue knacco [4].
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MHOIOMEPHBIN CUMBOJI KOHTY-KAPPEPA

Jlepames Biajucian
HITY BII>

JIbHbIE CBe/JICHIA

[Tycrs A HekOTOpOE KOMMYTATHBHOE ACCOLUMATIBHOR KOJIbLO. KoJb1lo psi-
nos Jlopana A((t)) npeacraBisercs ciemyomi obpasoM:

A((t)) = lig t77 lim Aft]/t"A[t].
Jj=0 1>0

Teneps, ecin Ha A Gbl1a 3a1aHa TOLOIOIs (HEOOI3aTCILHO YBaZKaIOIast
OIlepaluN), TO MPEJACTABICHIE BBIIIC AT TONOJIOTHIO Ha KoJble dhop-
MaJILHBIX CTCICHHBIX PSI0B. VITepupyst 9Ty OLECPAIMIo I CIHTasd TOLOJIO-
rio Ha A AICKPETHOH, MOJIytaeM TOMOJIOIHIO Ha KoJble psagos Jlopana
or n nepemenuex A((t1))...((tn)).
Hamee OGyzem mucarn L(A) smecro  A((()) n L™(A), Bmecro
A((t1))...((tn)). Ouesnnno, £ GYHKTOp U3 KATETOPHI KOMMYTATHB-
HBIX KOJICI B CeOsL.
Omnpezernenne. [Tyets A KoMMyTaTUBHOE acCOLIATHBHOE KOMbIo. Hazosém
snement f € A((t)) Tonosoruueckn HIILIOTEHTHEIM, ec/il f’ cTpeMuTes
K HYJIIO OTHOCHTE/TBHO TOTOMONHH, BBeEHHOM Boimmie. O6osnammv L(A)#
MHOZKECTBO TOIOJIOTHYICCKH HIVILIOTCHTHBIX 9ICMCHTOB.
penozenne. [lyers A He pack/IagblBacTes B IpousseieHue Koser A X
Ay, Ecn f € A((t))* Torna cymectsyer a € A* g € LAF ul € Z
Takue, uto f = a(l + g)t’.
Bameuanne. Ecm A mMoxker packiaapBaThest Kak Ay X Ao i, nHbIMI
crosamit, Spec(A) HeoGA3aTEIBHO CBS3CH, TO BEPHO aHAJIOTHTIHOC YTBEp-
JKJCHIC, TOJILKO HYXKHO YHCIO | 3aMCHHTH Ha JIOKAILHO-IOCTOSHHYIO
dyukuno [ : Spec(A) — Z.

i CHMBOJT

K. Koury-Kappep B pa6orax [1], |2] onpeaenun Gumuneiinoe cnapusanue:

CCy: LIA)* x L(A)* — A7,
KOTOPOE HENPEPHIBHO, MHBAPHAHTHO OTHOCUTEJBHO HENPEPBIBHBIX aBTO-
mopduamos A((t)) n yHKTOPHAIBHO 10 KOJIbILY A.
g Q-anrebper A. enunnb B cBoefi pabore 3] npusé cieiyiontyio sis-
HYEO GOPMYILY JUIst 9TOrO CHMBOJIA:
Teopema. ITyers A 310 Q—aunrebpa. Ecoim f € 1+ L(A)#,g € L(A),
Torja

CCi(f,9) = exp res(log(f%»

[Tpumvep 1. Ecin A = k 310 noste, To cunvsost Konry-Kappepa coenaaer
€ PYUHBIM CHMBOJIOM.
[Tpumep 2. Ilyers A = k[s]/g& TOTJIA

CCi(l+ef,1+eg)=1+ EQTes(fdg).

Teopema (3axon szanmuoctn). Ilyers C' riiajikast IpOEKTHBHAS KPUBAs
nast nosiem k, A aprunosa k—anrebpa, C' = C x Spec(A). Torna s
06X 1ByX asiementos f, g € (k(C) @ A)* :

T N eCCilF,9) = 1

peC
Bameuanne. V3 npumepa 1 j1erko mosyuanTh 3aKOH B3auMHOCTH Beiiyst, a
U3 npuMepa 2 MoJiydaeTcs YTBepK/eHIe 0 TOM, YTO CyMMa BbIYCTOB JIU(-
depentmabHOil hOpMbI HA MIAKOI TPOEKTUBHON KPUBOI paBHa HYJIHO.

BIIi CIMBOJI

1. Ocumnor 1 X.2Ky misg n = 2 u J1.Ocunos u C. TopunHekmit 1j1s1 Beex
n onpeetumn n-Mephbiii cumpon Konry-Kappepa([4], [5]):

CCh : LAY x ... x LA — A,

rjie ceBa cront npoussesetne n+ 1 konuit L(A)*. Kak u ojHomepHblit
CHUMBOJI OH IIOJILJIMHEEH, HEIPEPBIBEH, HE MEHSIETCs PU HEIIPEPbIBHBIX aB-
tomopdusmax u dyHkropuaset o Kosbiy A. B [5] pokasbiBaercsa ciety-
1olas gBHast GopMyJia Jijlsl STOI0 CUMBOJIA, aHAJIOMMUHas TOfl, KOTOPYIO
npusén lemnb:
Teopema. ITyers A s10 Q—anrebpa. Ecoin f € 1+ C"(A)#,fl, v fn €
L"(A)*, Toraa

CCu(f, fiy o fi) = expres(log DL A .. A Lm),

fl fn

BagaauMcd 3ajadeil omUMcaTh BCE CHMBOJIBI, KOTODBIE VIOBICTBODAIOT
ye1oBuaM Bbiie. Tora BepHa Takasl TeopeMa.
Teopema. ITycrh 1ua Beex Kojel A 3a1aH0

(y o) o (LM(A)H)BHL 4%

HOJIINHEHOE 0TOOPazKeHne, KOTOPOe HEIPEPbIBHO, MHBAPHAHTHO OTHO-
CHTEJILHO HENPEPLIBHBIX aBTOMOPGU3MOB 1 (DYHKTOPUAIBLHO 110 KOJIBILY
A. Torza cymmecTByeT Takoe 1e0e m, 9TO BBITOJHEHO:

OrMeTHM, 9T0 MPU JI0KA3ATeLCTBE 9TOr0 (haKTa CYIECTBEHHYIO POJIb U=
paer criejlyiomiee YTBeprK IeHue:
Teopema. Ilycrs k 6eckonetnoe mose u

< e R0 ()0 >

nosmnHefinas Gopma, MHBapHAHTHAST OTHOCHTEIBHO HENPEpPbIBHBIX aB-
TOMOPMU3MOB I HENPEPBIBHAS 110 KayKJIoMy 13 aprymenTos. Torja

< fos ey fr. >= CRes(fodf1 A ... A dfy)

Jutst HeKoTopoit KoHcTanTel C' € k.
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JIueBckasi cTpyKTypa MHOTOo0oOpa3mii
pa3penmMbIX HOpIaHOBBIX aJareop
A.B. Ilonos
VYiabsaHOBCK, Poccust
klever176@rambler.ru

Bymewm nipeanosarars, 9To ocHOBHOE ToJ1e [ nMeeT HyJ/IEBYIO XapaKTepPUCTUKY.
[Iycts L — npomsBosbHag anaredbpa Jlu, G — anrebpa ['paccmana caerroro panra. M3BectrO
[1], [2], uto mpocrpancTBo J (L) = GR LO G ¢ onepariueil yMHOKEHUs 0, 3aJIaHHON TIPABIIIAME

(a®g)oh=ho(a®g)=a®gh, ectu g € Gy, h € Gy,
(a®g)o(beh)=la,b]®gh, ecnn g,h € Gy,

ABJIFETCSI HOPIAHOBOM ajireOpoil ¢ TOXK1eCTBAMM
2t =0, (2122) (n11p) (2122) = 0. (1)

BouJtee Toro, mannast KOHCTPYKIIHUS OlIpeie/isieT MOHOMOpu3M J U3 pereTKu MHOT00Opa3uii
asre6p JIu B pemerky MHOroo6pasuii HOpIaHOBBIX aaredp, YIOBIETBOPSIONMX TOXKIecTBaM (1).
A mmenno, ycth YV — MHOTOOOpasue aarebp Jlu u L — npousBosbHas anrebpa JIu, mopoxia-
tomast V, to ecrtb V = var (L). Torma J (V) = var (J (L)).

JL1st MHOTOOOpa3ust pa3pelmmMbIX HOpIaHOBBIX aJiredp V' olpeie/inM 00EPTHIBAIOIIEe MHOT'O-
obpasue anredp Jlu £ (V) kak HauMeHblee JUeBCKoe MHOroobpasue takoe, uro W C J (L (V)),
rie YW — noamuoroobpasue V, cocrosiiiee u3 Beex aaredp, yIoBJIeTBOPIONNX ToxK ecTBam (1).

Kak okasbiBaeTcs, MHOTTE CBOMCTBA IIPOU3BOJIHLHOIO MHOT000pa3ns pa3pernMbiX HOPIaH0-
BBIX aarebp V) MOJHOCTBIO OIpPEeeIaioTcs ero obépreiBatonM Muoroobpasuem L (V). Huxke
IpeJICTaBIeHbl HEKOTOPBIE N3 TAKUX CBONCTB.

1. Jutst mpou3BOJIbHOI airebpbl A OIpeIes M 110 UHIYKITNK €€ CUIBHO Pa3perinMble CTeleHH

AR AW) = A AR) — gapmensmmit uncan A, comepxkanuii B cebe A=) A1)
Mmuoroobpasue V CHJIBHO pa3permMo, ecyii Jjisi HeKoToporo k Jiobas anrebpa A uz V
CIUIBHO Pa3pelnMa nHieKca He 6osee k, To ectp A(R) = 0.

Teopema 1. Muoroobpasue pa3pernmMbix HOPJIAHOBBIX ajredp V' CHILHO Pa3peImMmo
TOIJIa U TOJILKO TOIJIa, Korja Muoroobpasue L (V) paspermunmo.

2. Muoroobpa3zue )V HasbiBaeTcsa 1-1IepBUYHBIM, €CJIN IIPOU3BEICHIE JI0ObIX HEHY/IEBBIX 1 -
ueaioB (TO eCTb WJeaoB, HHBAPUAHTHBIX OTHOCHTEIHLHO SHJIOMOPMU3MOB ajreOpbl) B
cBODOOTHOI ajrebpe JJAHHOTO MHOTOOOpa3us He PaBHO HYJIIO.

Teopema 2. Eciiu MHOrOOOpasue pa3pemmnMbIixX HOPAaHOBBIX airedp V sipisiercd 1-11epBUTIHBIM,
to L (V) Takxke T-1epBUYHO U, KpOMe TOTO, V) yj0BIeTBOpseT ToxKaectBam (1).

3. Teopema 3. Muoroobpasue pa3penmMbIXx HOPJaHOBBIX ajarebp ) MMmeeT SKCIIOHEHIU-
AJIbHO OIPAHUYEHHBIN POCT TOTJA U TOJBKO Torja, Korya L (V) uMeeT 9KCIOHEHIIUATBLHO
OrpaHUYeHHBIN POCT.
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M Main definitions

The polynomial f € C[x] is called gquasihomogencus with a set of
weights (vy, ..., vn,d) € Z;()* Lif the equality f(A"zy, A2y, ..., \Way) =
N f(xy, @y, ..xy) is true for any A € C*. Jacobian algebra of polyno-
mial f is the quotient ring of the ring of polynomials by the ideal gener-
ated by its partial derivatives Jac(f) = Clay, @a, ..., an]/ (o o o). The

Day'day " Day
group of mazimal diagonal symmetries of f is called the group\ Gy =

{(91,92, - gn) € (COV | flgrar, goa, - gnan) = flar, xa,. .. 28}
Any subgroup G C Gy is called a group of diagonal symmetrics (or just a
group of symmetries). If G is a group of symmetry of any non-degenerate
polynomial f, we can consider the pair (f,G) which is called Landau-
Ginzburg orbifold.

M  Graph description of quasihomogeneus singularities

Let (vy, ..., vy, d) € NV be a system of weights (v; < d) and f € C[x] be
a quasihomogencous polynomial defining an isolated singularity in zero. \We
are going to construct the graph by a map « : {1,..., N} = {1,..., N},
which we would call choice, if it satisfies the condition: for any j € I the
sets J = {j} and K = {k(j)} f contains as a summand b - zgf’
b e Ca; € Nand a; > 2. We will call type the conjugacy class k with
respect to the natural action of the group Sy on the set of indices. Then
vertices of the corresponding oriented graph are labeled by {1,..., N}, and
an edge of the graph is an ordered pair (j, £(7)). In this case the oriented
graph without numbering of vertices defines the type. From the classification
we have that any non-invertiable polynomial has a form f = f.+ fada, where

“ Ty(y), where

k& defines a graph I'y = Uy, where I'y, is a graph with the following view
which we call loop with branches:

M  Structure of additional polynomial fug.

In [HK] there were introduced some combinatorial conditions on the set
R = supp(f) such that f is non-degenerate. We introduce the admissi-
ble collection which is the collection of sets of indices such that the following
theorem holds.

Theorem 1. Let Agr be an admissible collection of R = supp(f.) and
there is a set {by} such that ¥V J; € Ag we have ) ; by = d and
bs > 0. Then, there is a set {e;, € C*} such that the polynomial
f = fe+ faaa is non-degenerate with f,qq = ZJ/‘EAHEJ/‘IZTIZ? ) mif’
Roughly, we introduce the collection of monomials entering f,q4q such that
starting from the arbitrary fixed f, we obtain non-degenerate (uasihomo-
geneus f = fi + faga. Now let we have the loop with branches graph on
n vertices. For any m € {1,...,n} consider the set S,, C {1,...,N}
consisting of all vertices from which we have an arrow ending in m.

FIGURE 2. The elements of ,, are marked us stars

Then we also define A™ := {J;, C Sy, | |Ji] > 2} to be the set of all
subsets of 5, with at least two elements. Now we are ready to formulate the
following theorem:

Theorem 2. The set A =
R = supp(f).-

For instance, consider the map x which defines the following graph:

Un_A™ is an admissible collection for

o .
N
PN
/ \
d
0 ”

and the set of powers (a1, as, a3, as, as, ag) = (3, 2 4,2,3,4) that defines the
weight system (vy, vo, v3, vy, v5, v6,d) = (1,2,1,1,2,1,5), i.e. the polynomial
defined by  has the form

3 2 4 2 3 4
fr= T\To + X33 + T3X1 + TET1 + Tyx5 + Ty

and R = supp(f;). By theorem above, the admissible collection Ap has
the form Ap = A = {{3,5}, {3,6}, {5,6}, {3,5,6}}. Thus the set of cor-
responding e, exists and we take fouq = 357302 + e36032] + €5 62w +
63‘5‘(5Z§I5I6.

M Crepant resolution and orbifold equivalence

Let f: CYN = Cbea holonﬁr&hic G-invariant function. Thus it could be
defined on CV/G. Let 7: C¥/G — CV/G be a crepant resolution of the
singularity. The map f then descends to a function on (C\ /G by takmtT
composition with 7 and we obtain a function f: W — CV. Let (C\/G
be covered by some charts Uy, . . ., Uy all isomorphic to CV. We denote f, as
a restriction of f on the each chart

= f|u: U,j — (CN

Orbifold equivalence could be roughly understood as the equivalence
HMF(f) = HMFY(f) of derived categories of G-equivariant matrix factoriza-
tions. In this case there is an isomorphism between Hochschild cohomology
of category of G-equivariant matrix factorizations HH*(M Fg(f)) and an
algebra Jac(f).

Now we start with polynomial f,, and assume that there is an index t € T},
such that the corresponded power is even, i.e. there is a monomial x?a‘x K(t)-

By Theorem 1 we obtain fy = fi, + fada, where faqq is given by the ad-
missible collection for R = supp(fy,). Then we consider the polynomial
[ = fu, + 2%, with the set of powers (2ay, ..., ay,2) which is quasiho-
mogeneus with the reduced set of weights (qi, - . ., qn, 1/2). Note that the
corresponding graph I'; is a disjoint union of I'y,, and 1 isolated vertex. Since
7%, is invertible, the admissible collection Ag for R = supp(f,) coincides
with the admissible collection for R = supp(f,). It follows that f = f,+ foaa
is non-degenerate by Theorem 1 (with the same fuqq as for fo).

Our object of research is Landau-Ginzburg orbifold (f, G) with the symme-
try group G = Z/2Z = (g) acting as follows:

g - Tym=—Tpifm=1N+1

g Ty = Ty, else
It means that g acts non-trivially only on isolated vertex and on the leaf with
even power.

Theorem 3. Lct Landau-Ginzburg orbifold (f,G) be as above. Then
there is a non-degenerate quasihomogeneus polynomial f with the fol-
lowing properties:

1. f has a reduced system of weights (2q1, qo, - - -, qv, 1/2 — q1)
2. f = frt foda with the graph Tz = or,(N+1,1) and Foda = Sada(ty, ... tN)

where we put t3 = x; and t,, = x,, for m # 1;
such that (f,G) and (f,{id}) are orbifold equivalent. In particular there
is an cquivalence of triangulated calegorics

HMF(f) = HMFY(f).
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Bacunanii PoxxaecrBenckuii

OO0 oxnoOIT OTKPBITOI MpoOJEME B TOMOJOTUM MHOTOOOpa3mii

B 1963 roxy H. Crunpomom b1 mocTasiien cieryonmii Borpoc (em. [1]).

Bomnpoc. Cywecmsyem au (n+ 1)-meproe 2aadkoe zamrnymoe mmuozoobpazue W makoe, wmo
A000e n-meproe enadkoe 3amknymoe mro2o0bpasue M moorcem 6vims 2aa0ko enroocero 6 W7

N3 kraccudukaum 0lHOMEPHBIX U JIBYXMEPHBIX 3aMKHYTBIX MHOI000Pa3uii JIETKO BU/IETD,
qTo Ipu n = 1,2 OTBEeT Ha JAHHBII BOIPOC MOJOKATEMbHBIA. OIHAKO N3BECTHO, YTO IIPA N = 3
(eMm. 2] m [3]) m mpu cocTaBHBIX N, He paBHBLIX crenenu BoiiKY, ([4]) nckomoro (n + 1)-mepHOro
MHOroobpasust W He cymectByer. B ¢BsI31 ¢ 9TUM KarKeTcst pa3yMHBIM OXKUJIaTh, IYTO IPU 1 > 3
orBeT Ha Bonpoc CTUHPOJIA JIOJIZKEH ObITh OTPHUIATETHHBIM.

B nasbreiiiem O6yieM cIuTaTh, YTO BCE PACCMATPUBAEMbIE MHOIO00PA3HU IIaIKIe, 3aMKHY-
Thle U OpHEHTUPOBaHHbIE. B 3TOM cilydae HopMaJjibHOe pacciioenue K M B W Oyner TpuBuaJib-
HBbIM ojiHOMepHBbIM. Clie0BaTe/IbHO, CTATUBAHNE JIOTIOTHeHNs K TpyOuaroit okpectnoctu M B W
naet orobpaxkenue f: W — XM crenenu 1. 3ech yepe3 X obo3HatueH (HYHKTOP HAJICTPONKH.
Takum 06pa3oM, B KagecTBe pazyMHOro ocjiabieHus Borpoca CTHHPOIA MOKHO paccMaTpUBaTh
CJICAYIOIIUIT BOIIPOC.

Bompoc (x). Cywecmeyem au (n + 1)-meproe mrozoobpazue W makoe, wmo das npouseons-
HO20 N-MePHO20 MHo2000pasus M cywecmeyem omobpascenue f: W — XM maxoe, wmo

fo[W] = X[M]? 3decw, [M] € H,(M;Z), W] € Hy1(W;Z) — Pyrdamenmanrvroie KaaccoL.

Ucnoib3yst KOHCTPYKITUIO BBIIIE U TEOPEMY TpaHCBepcaabHOCTH ToMa HECJI0XKHO 3aMeTUTh,
9TO TOT BOIPOC SKBUBAJIEHTEH CJIETYIOMIEMY.

Bomnpoc (¥'). Cywecmeyem au (n + 1)-meproe mmnozoobpazue W maxoe, wmo dan 4106020
n-meproz0 mroz2000pasus M cywecmeyem n-meproe mnozo006pasue M' maxoe, wmo:

1. mmnozoobpasue M’ moocem 6vimov 2nadko earooceno 6 W

2. cywecmsyem omobpascenue f: M — M cmenenu 1.

U3BecTHO, 9TO €/l XOTeTh CyIIeCTBOBaHUs OTOOPaXKEeHNs [IPOCTO HEHYJIEBOM cTeleHn (a He
MMeHHO cTenenn 1), To B Kadectse W MOKHO B3aTh cdepy S"TL. MmMenno, BepHoO ciieyrolee
yTBepKJIEHUE.

VrBepxkaeuue. /s 1106020 n-mephozo mnoz2oobpasus M cywecmeyiom nenyaesoe wucao k
u omobpasicenue f: S"T — M(M) makue, wmo f[S"T] = kX[M].

OjiHaKo B KavecTBe oTBeTa Ha MCXOJHbIH Bonpoc () B3aTh B Kauecrse W chepy S™ B
obreM cirydae Hesib3d. OIHUM U3 MPENsaTCTBUANR K 9TOMY CIyKUT JefictBue oneparnnii CTuHpo-
na Ha yHIaMeHTATBbHOM Kiacce MHOrooOpasusi M. HackosbKo u3BECTHO aBTOpY, BOIPOC ()
ABJISIETCSI OTKPBITHIM.
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Introduction

Stability conditions on varieties

Stability conditions were first introduced by T. Bridgeland in [1]. They provide a way to
associate to a triandulated category D a topological manifold — the space of all stability
conditions Stab(D). They are of interest not only as a new invariant of triangulated
categories, but as a way to introduce geometric ideas into the homological algebra world.
For example, the group Aut(D) of exact autoequivalences of a triangulated category acts
on the space Stab(D) preserving a natural metric.

In the case of derived categories of coherent sheaves on K3 surfaces Bridgeland the-
orem provides a particular interest to study stability conditions. There turns out to be
a covering map from a connected component of the space of stability conditions to a
subset of the complexification of the cohomology lattice of the K3 surface, such that the
group of derived autoequivalence acts on it by deck transformations (see Theorem 2).

Our goal is to go through the notion of stability conditions and to describe what is known
about their behavior in the case when D is the derived category of coherent sheaves on
a K3 surface.

The first column is devoted to the abstract categorical definitions. The main reference
for this part is [1]. In the second column we specialise to the case of derived categories
of coherent sheaves on varieties, in particular on K3 surfaces. For more information on
this case see [2].

Stability conditions

We begin by defining a slicing of a triangulated category D, which is a way to chose a
set of subcategories enumerated by real numbers that, in a sense, generate D.

Definition: A slicing P(¢) on a triangulated category D consists of full additive subcat-
egories P(yp) for ¢ € R such that the following conditions hold:

= Forevery P; € P(p1), P» € P(p2) it holds that Hom(Py, P») = 0if 1 > a;

= PPl = P+ 1)

= Forevery 0 # E € D there exists a finite sequence of real numbers
©1 > 2 > ... >, and a collection of triangles

Ey

NS

with 4; € P(¢;) forall 4.

E,—FE, (1

Ey—s...—FE, 1

N,

The objects P € P(yp) are called semistable of phase ¢. It is easy to verify that in these
conditions for an object E € D the decomposition (1) is unique. It is called a Harder-
Narasimhan filtration of E. and the objects A; are called its semistable factors.

It turns out natural to add an additional condition to the definition of a slicing — the fact
that it behaves well with respect to the triangulated structure.

Definition: A stability condition is a pair ¢ = (Z, P), where P is a slicing and
Z: K(D)—C

is an additive group homomorphism from the Grothendieck group of D to C such that
for every P € P(y) it holds that Z(P) € R+q - exp(imp).

It turns out that in the case when (Z, P) is a stability condition, the categories P(y) are
not only additive but abelian for all .

The topological space of stability conditions

In this section we introduce a metric on the space of all stability conditions Stab(D),
thus providing it with the structure of a topological space.

Notation: Given a stability condition ¢ = (Z,P), for an object E € D let (1) be
its Harder-Narasimhan filtration. We then denote by ¢f(E) and ¢, (E) the maximal
and minimal phases o and ¢, respectively of its semistable factors. We also denote
by m.(E) the sum ZKK" |Z(A4)].

Definition: Let o1, o9 be two stability conditions on a triangulated category D. A distance
between gy and o5 is the number d € [0, oo defined as

e o+ o+ - - Mg, (E)
d(o1,09) := OQEED<|‘9"‘(E) oy (E)|, 105, (E) = ¢g,(E)|, | log s (E)

-

One can check that d is indeed a metric, and thus defines a topology on the set Stab(D).

Consider a natural projection Z: Stab(D) — Homgz(K (D), C) that takes o = (Z,P)
to Z. The space on the right is a complex vector space and thus is equipped with a
natural topology. It is easy to check that the map Z is continuous. The following result
of Bridgeland shows us that for every connected component of Stab(D) it behaves as a
local homeomorphism on a linear subspace.

Theorem 1: For each connected component ¥ C Stab(D) there exists a linear subset
V(2) € Homg (K (D),C) such that Z(X) c V(£) and Z: £ — V(X) is a local homeo-
morphism.

The theorem shows that Stab(D) locally behaves as R*. Note that the group of exact
autoequivalences Aut(D) acts on Stab(D) preserving the distance function.
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From now on the triangulated category D will be a bounded derived category
D’(Coh(X)) of coherent sheaves on a smooth complex projective variety X. In this
case we can reduce the space of stability conditions without loosing the essential part
of its properties so that it becomes finite dimensional and thus a topological manifold.

We begin by defining a bilinear form on the Grothendieck group K (X) of the category
D*(Coh(X)).
Definition: Given E, F € D*(Coh(X)) an euler characteristic x(E, F) is defined as

X(E, F) =" (=1)" dim Homx (E, Fi]).
Due to Serre duality the left and right radicals *K(X) and K(X)* are the same, so
the form x descends to a non-degenerate bilinear form on the numerical Grothendieck
group NV(X) = K(X)/K(X)*. Using Riemann-Roch theorem one can prove that V(X))
is finitely generated.
A stability condition o = (Z,P) is called numerical if Z factors through A (X). From
now on by a stability condition we mean a numerical stability condition and we denote
by Stab(X) the set of all numerical stability conditions on D*(Coh(X)).
In this case the function Z defined above factors through Homgz (N (X), C) = N (X)®C.
We will now denote by Z the map Stab(X) — N (X) ® C, which is a finite dimensional
vector space.
In this setting Theorem 1 still holds, and thus the connected components of Stab(X) are
all finite dimensional topological manifolds.

Sheaves on K3 surfaces

Now let X be a K3 surface. This case is especially well studied. In particular, it is known
that, restricted to a distinguished connected component, the map Z is not only a local
homeomorphism but actually a covering map. We will now discuss this famous result
by Bridgeland together with the following conjectures, and their use to the study of the
group of derived autoequivalences of K3 surfaces.

In the case when X is a K3 surface there exists a correctly defined group homomorphism
called Mukai vector v: N (X) — H*(X,Z), defined as

v(E) = ch(E)y/td(X),
that induces an isomorphism A (X) = Z () NS(X) () Z, where NS(X) C H?(X,Z) is the
Neuron-Severi group of X.

There exists a natural action of the group Aut(D’(X)) on the cohomology H*(X, Z), that
coincides with the action of Aut(D*(X)) on N/(X) under the Mukai vector isomorphism.
We denote by Auty(D?(X)) the subgroup of the kernel of the action.

Stability conditions on K3 surfaces

Consider all the stability conditions o € Stab(X) such that all the skyscraper sheaves are
semistable of phase 1 with respect to o. These stability conditions are called geometric
as they can also be defined via a geometric construction (see [2]). It turns out that they
all Ii? in the same, distinguished, connected component of Stab(X) that we denote by
Stab'(X).

The following theorem provides the main interest to study stability conditions for derived
categories of coherent sheaves on K3 surfaces.

Theorem 2 (Bridgeland): Denote by Q © N/(X) the image of Stabf(X) under Z. Then
the map
Z: Stab'(X) = Q

is a covering and the subgroup Autg(Dl’(X)) of Auty(D?(X)) that preserves Stab'(X) is
the group of deck transformations of Z.

The image 2 € N(X) « C can be described in purely linear algebraic terms using the
form x (see [2]).

Itis not yet known weather Autg(Db(X)) coincides with Autg(D?(X)). It is conjectured,
however, that it always does, and, in addition, that the space Stab' is simply connected.

Conjecture 1: The group Auto(D’(X)) preserves the distinguished connected compo-
nent Stabf(X) of the space of stability conditions on X.

Conjecture 2: The space Stab'(X) is simply connected.
The conjectures above allow us to describe the group of autoequivalences Auto(DP(X))
as Auto(D(X)) = m(Q).

Both of the conjectures are proved in case when Picard number of the surface X is equal
to 1 and in the non-algebraic case of Picard number 0.
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